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Abstract

This paper presents a solution to multiple objective non-linear
programming (MONLP) problems with rough objective functions
and constraints with fuzzy parameters, we offer an algorithm to
solve this type of problem, where we deal with multiple objective
functions first, then with the fuzziness of the constraint parameter
Characterizing, second and third, we deal with the roughness of the
objective function. So, the problem finally turns into a non-linear
programming problem with crisp objective functions and
constraints. Finally, an illustrative example is given to show the
application of the algorithm.
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1. Introduction

The notion of fuzzy sets was presented by Zadeh [1], since that
time, scientists and researchers have continued to develop fuzzy
mathematical programming not only on a general level but also on
a more practical level (see for instance [2, 3]. As well the concept
of Rough sets was introduced by Pawlak [4], Youness [5] was the
first who applythe Rough set theory to the single objective
programming (SOP) problem and introduced a new optimization
problem with a rough decision set and crisp objective function,
called "rough single-objective programming" (RSOP) problem. He
also presented the definition of two concepts for an optimal solution,
namely "Surely Optimal” and "Possibly Optimal ".

Many attempts were made to overcome the concept of rough
mathematical programming. For more information see [6, 7, 8] an
interesting comparison between rough sets and fuzzy sets was given
in [9].

Subsequently, for the aim of acquiring more realistic models and
results of real-life Multiobjective programming (MOP) Atteya [10]
presented a new extension of RSOP models presented by Osman in
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[11] of the case of rough multiple objective programming (RMOP)
problems.

Recently, many researchers have become interested in combining
the concept of fuzziness with the concept of roughness in MOP
problems, see [12, 13].

In this paper, we discuss the MONLP problem with rough
objective functions and the fuzzy parameters in the constraints and
introduce the algorithm for solving this type of MONLP problem.

2. Preliminaries
2.1 Rough Function
Definition 1 [14]. Let f:R™ —» R and r, 7 € R where r > 7, where
the universal set of the functions is U = {f (x); f(x): R"™ = R}, and
the set of functions {f;} is a lower approximation of f(x) which is
denoted by f¢(x) and defined as:

fe) = i) c U:1f;(0) = f0)] <13,
And the set of functions {f,} c U is an upper approximation of
£ (x) which is denoted by f*(x) and defined as:

frx) = {fx(x) € Ut fie(x) = fF(x)| <7}
where {f{(x)} € {f*(x)}. The function f(x) is called a rough
function if f(x) # f*(x).

Definition 2 [14]. The boundary region of the rough function £ (x)
is equal to f*(x) — f¢(x), where £¢(x) is the lower approximation
of f(x), and f*(x) is the upper approximation of f(x).

2.2 Fuzzy Number
Definition 3 [15, 16]. A fuzzy subset A [of the real line R with
membership function u4: R — [0,1] is called a fuzzy number if:
M A, is normal, i.e., there is x, € R such that uz(x,) = 1.
(i) A is fuzzy convex that is: pz(Ax; + (1 —xy) >
min(pa(x1), 1a(x2)),
for x.,x, € R,A1 € [0,1].
Definition 4: A trapezoidal fuzzy number A is denoted as (a* —
a,at,a’,a” + pB). See figurel
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a®: the leftmost point where u 4 (x) takes the value 1.
aV': the rightmost point where u;(x) takes the value 1.
a: the spread of the fuzzy number to the left of a’.

B the spread of the fuzzy number to the right of aY.

H; (x)
1-

Figurel: A trapezoidal fuzzy number

2.3 Rouben’s Ranking Function [17]

The ranking function suggested by F. Rouben [for the real numbers
corresponding to the fuzzy numbers with respect to the function]
defined by

R(@) =1 (a* +a’ +1 (8 - ),
where @ = (at — a,al,a%,av + p).

2.4. Weighted-Sum Method

A multiobjective problem is often solved by converting
multiple objectives to a single-objective scalar function. This
approach is in general known as the weighted sum of scalarization
method. The weighting problem

P(w)Min Z wifi (%)
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subject to: x € X,
where W ={w:w€eR"w;>0,i=12,...,mand)} %, w; = 1}
be the set of nonnegative weights.

Theorem 1 [18]. x*is a non-inferior solution of (VOP) vector
optimization problem

if there exists w € W such that x* solves P(w) and if either one of
the following two conditions holds:

(i) w;>0,foralli=1,...,m,or

(if) x* is the unique solution of P(w).

Definition 5 [18]. x* is said to be a non-inferior solution of VOP if
there exists no other feasible x (i. e., x € X) such that f(x) < f(x™),
meaning that f;(x) < f;(x™) forall i = 1,2,...,

3. Problem Formulation.
The general formulation for MONLP problems:
Min(fy (x), f2(x), -, fin C))"
subject to
xeEX={x€ ]R":gj(x) <0,j=12,...,k},

1)

where fi(x),i =1,2,...,m are objectives, m=2, g;(x),j =
1,2,...,k are constraints, and at least one i or j is a nonlinear
function, f;(x), g;(x) are real-valued functions.

In the reality of our daily life, the goals may not be
completely clear to the owner of the problem or the decision maker
(DM), so he may give us approximate goals that achieve his goal,
that is, (s)he sets each unclear objective function between two
objectives represent the lower approximation and upper
approximation of the DM. This is in line with the definition of rough
functions presented by Youness [14].

Also, the means that the knowledge available about the
objective is not sufficient to describe the objectives accurately.
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Thus, we here assume that the objective functions of MONLP
problem are rough functions and the constraints contain fuzzy
parameters (trapezoidal fuzzy numbers).

Therefore, the formula for the rough multiobjective nonlinear
programming (RMONLP) problems with fuzzy parameters in
constraints becomes the following:

(RMONLP) min(fy (x), fo (), -, fn ()"

subjegt to:
xeEX={x€ ]Rl":gj(x,l) <0,j=12,...,k},
@
Where: f;(x),i = 1,2,...,m are rough objective functions, i. e.,
fEe0) < fi(x) < f (0,

9;(x,),j=12,...,k are constraints with fuzzy
parameters, 1 is fuzzy parameter.

4. The Algorithm for Solving RMONLP Problem (2).
Step 1. Use the weighted sum method to make multiple objectives
(RMONLP) a single-objective function as:

Min X712, w; fi (x)
Subject to:
xeEX={xE€ ]R":gj(x,/f),j =12,...,k},
(3)

where ¥ ow; =1, (x) < fi(x) < f*(x) , gj(xA) are
constraints with trapezoidal fuzzy numbers, 1 is a fuzzy parameter.

Step 2. We deal with trapezoidal fuzzy parameters using the Rubens
ranking function to get the real numbers corresponding to them

R(gj(x, D) =g;(x,A);RA) =14j=12,...k,

gj(x, 1) are constraints with corresponding real numbers.
Thus, the problem will become

Min i w;f;(x)
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subject to:
x={xE]R{":gj(x,A),j= 1,2,...,k}, 4
where: ff(x) < fi(x) < f*(x), g;(x,4) are constraints with real
numbers corresponding to fuzzy parameters.

Step 3. To solve the previous problem (4) we need to minimize the
boundary region of f(x) that is, we need to solve the next boundary
problem [14]:
(BP)w
minF(x) = X% w; (f*(x) — f(x))

subject to:

x€eX {xe€ ]R”:gj(x,/l) <0,j=12,...,k},
are convex and continuous functions.
Hence, we can solve the last problem using KKT (Karush- Kuhn-
Tucker) conditions.

Example 1: Consider the rough functions

fiM = R with ff =x+y, fi* = 2x3 + Zx2 — 10y + 100 and

fo:M = R with ff =x —y?, f*=x?+y+2, and consider the
following problem

min(fy (x), /)",
subject to:

x €X ={(x,y) €ER?*|1x +1y £ 10,35 < 1x < 6,1y
<6,1x—1y =1},

R(g(x, 1)) = g(x, D),
i 1
R(a) = E(aL tal+2 (- a)>,
where
1=(0.7,091.1,14),1 = (0.7,0.9,1.1,1.4),
10 = (9.7,9.9,102,10.5), 3.5 = (2.5,3.33.7,4.1),

1=(0.8,0.9,1.1,1.5), 6 = (5.5,5.8,6.1,6.6),
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> = >

= (0.8,1.1,1.3,1.6), 6 = (5.4,5.9,6.3,6.8),
1=(0.8,0.9,1.1,1.3), 1 = (0.8,0.9,1.1,1.3)

1=(0.8,0.9,1.1,1.3).
They are arranged in accordance with the order mentioned in the
constraints.

Step 1:
min(w, f1(x) + waf3(x))
subject to:
Ix+1y—-10<0,
3.5 - ix S 01
ix - 8 S 01
1y—-6<0,
1-1x+1y <o,
x,y =0,
A 1 1
R(&) = E(aL +a’+-(B - “))
Where:
iwi = 1Lw; 20,
x+y<fikx) < §x3 +§x2 — 10y + 100,
x—yz Sﬁ(x) Sx2+y+21'

Step 2: After using the ranking function for constraints the problem
becomes:
min  wy fi(x) + w f>(x)
subject to
1.025x + 1.025y — 10.075 < 0,
1.075x — 6 < 0,
3.55-1.075x <0,
1.2y — 6.1 <0,
1-x+y<0,
x,y =0,
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.1 1
(i.e.,R(l) =5 (0.9 F1143 (0.1)) - 1.025)
Note that in the next step we assume that w; = 0.5, w, = 0.5.

Step 3:
min(0.167x3 + 2.25x2 + 0.5y% — x — 5y — 49)
subject to
x+y—9.829 <0,
1.075x — 6 < 0,
3.55-1.075x <0,
1.2y — 6.1 <0,
1-x+y<0,
x,y =0,
using KKT conditions we will find that the optimal solution for our
problem at the point
% = (5.4145,4.4145),
min F(x) = 26.72861832697.

5. Conclusion.

We presented an algorithm for solving multiobjective
nonlinear programming problems with rough objective functions
and fuzzy parameters in constraints, the algorithm relied on three
main steps. The first is the conversion of multiple objective functions
into a single objective function.The second is the use of the concept
of Rouben's ranking function to obtain the real numbers
corresponding to the fuzzy parameters and thirdly deal with
roughness objective function, consequently, the problem has
become a crisp nonlinear programming problem that can be solved
using KKT condition. An example was provided for illustration.

References
[1] Zadeh, L. A., (1965), Fuzzy sets, Information and Control, 8,
338-353.
[2] Hannan, E. L., (1981), Linear programming with multiple fuzzy
goals, Fuzzy Sets and System, 6, 235-248.

9 Copyright © ISTJ Ak sine qolall (3 s
Ayl g o shell 40 sal) dlaall



International Science and Volume 34 ) Ay pylad It L2 ) (
_Technology Journal Part 2 alaal) -
A g a glall 4 gal) Alaal) July 2024 s I S I -J /\
£2024/7 /31 :fulh fdsall o W pdi iy a2024/6 /30 sguoth A8l adiud A

[3] Jiranut, L., Shu-Cherng, F., and Robert E. Y., (2002),
Multiobjective optimization problems with fuzzy relation
equation constraints, Fuzzy Sets and Systems, 127, 141-164.

[4] Pawlak, Z., (1982), Rough sets. International Journal of
Computer and Information Sciences, 11(5), 341-356.

[5] Youness, E. A., (2006), Characterizing solutions of rough
programming problems, European Journal of Operational
Research, 168, 1019-1029.

[6] Xu,J.P.,YaoL.M., (2009a), A class of expected value multiple
objective programming problems with random rough
coefficients, Mathematical and Computer Modeling, 50(1-2),
141-158.

[7]1 Nehi, H. M., Mohamed H. H., (2012), A ranking function
method for solving Multiobjective linear programming
problem. Annals of Fuzzy Mathematics and Informatics, vol. 3,
no. 1, 31-38.

[8] Sakawa, M., (1993), Fuzzy sets and interactive Multiobjective
optimization, Applied Information Technology, Series Editor:
M. G. Singh.

[9] Pawlak, Z., (1985), Rough sets and fuzzy sets, Fuzzy Sets and
Systems, vol. 17, 99-102.

[10] Atteya, T. E. M., (2006), Rough multiple objective
programming, European Journal of Operational Research,
248(1), 204-210.

[11] Osman, M. S., Lashein E. F., Youness E. A., and Atteya T. E.
M., (2011), Mathematical programming in rough environment,
Optimization, 60(5), 603-611.

[12] Brikaa, M. G., Zhoushun, Z. and El-Saeed, A., (2019),
Fuzzy multiobjective programming approach for constrained
matrix games with Payoffs of fuzzy rough numbers, Symmetry,
11, 702; doi:10.3390/sym 11050702.

[13] Elsisy, M. A. El Sayed, M. A., (2019), Fuzzy rough bi-level
multiobjective nonlinear programming problems, Alexandria
Engineering Journal, 58, 1471-1482.

[14] Youness, E. A., Gommaa H. G., (2017), Characterizing
solutions of rough programming problem based on a boundary

10 Copyright © ISTJ Ak sine qolall (3 s
Ayl g o shell 40 sal) dlaall



International Scienceand ~ VOlumMe 34 aad) g g ol iyt i

«Tfasc\g:i&g ﬁﬁf?ﬂ‘ Part 2 alaal) rg;i-_—-j %

July 2024 585

£2024/7 /31 :fulh fdsall o W pdi iy a2024/6 /30 sguoth A8l adiud A

region. Open Science Journal of Mathematics and Application,
5(5), 42-50.
[15] Dubois, D., Prade, H., (1978), Operations on fuzzy numbers,
International Journal of Systems Science, 9, 613-626.
[16] Dubois, D., Prade, H., (1980b), Fuzzy sets and systems:
Theory and Application, Academic Press, New York.
[17] Fortemps, P. Roubens, F., (1996), Ranking and defuzzification
methods based on area compensation, Fuzzy Sets and Systems,
82, 319-330.
[18] Vira,Ch. Yacove, H., (1983), Multiobjective Decision Making
Theory and Methodology, North-Holland Series in System
Science and Engineering, Anderw. P. Sage. E. dotpr.

11 Copyright © ISTJ b gine okl (3 gia
Aiil] 5 o glall A4 gall Alsall



