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Abstract

A ring R is called a —* —skew * —Armendariz * —rings if

H — m i — n j
whenever the polynomials p = Y%, a;x" and q = Yj_oa;x’ €

R[x, a] satisfy p(x)q(x) = p(x)q*(x) = 0,thena;a’(b;) = 0
for all i,j (consequently aiaf(b]?‘) = 0 ), which is a proper
generalization of reduced * —rings. We study the condition for a —
* —skew * —Armendariz * —rings to be reduced. In addition, we
discuss many properties of a —* —skew * —Armendariz * —ring.
Also, we give the relationship between the Baerness of a * —ring R.
Finally, we generalize the property of « —+ —skew *-Armendariz to
some know extensions.

Key Words: * —Armendariz * —rings, * —skew polynomial
—rings, rigid * —rings, * —Baer * —rings.
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1.Introduction

By a ring we always mean an associative ring with identity. A ring
R is said to be * —ring if on R there is defined an involution *. *
—rings are objects of the category of rings with involution with
morphisms also preserving involution.

Therefore the consistent way of investigating * —rings is to study
them within this category, as done in a series of papers (for instance
[11.12].[31.[41.[5].[6].[7] and [10]). The purpose of this paper is to
study @ —+ —skew * —Armendariz * —rings within its category.
A self adjoint idempotent element e (that is e* = e = e?) is called
a projection. A = —ring R is said to be Abelian (—Abelian) if every
idempotent (projection) of R is central. We denote the set of all
projections of R by B, (R). The study of the Armendariz rings which
is related to polynomial rings, was initiated by Armendariz [7] and
Rege and Chhawchharia [6]. A ring R is called Armendariz if

2 Copyright © ISTJ b gine okl (3 gia
Al 5 o glall 4 sall dlsall



International Science and Volume 34 ) Ryl p glll A0 g

B iy o Part 1 ) I_§“ZI“:"’ _] %

April 2024 i

£2024/4 /8 :fu i ddgal) o W ydialy 22024/ 3 /11:dt A8 sl adia) &

whenever polynomials f(x) = ag + ax + -+ a,,x™, g(x) =
by + byx + - +b,x™ € R[x] satisfy f(x)g(x) = 0, then a;b; = 0
for each i, j. (The converse is obviously true). Recall from [10], an
element a of R is said to be = —nilpotent if (aa*)® = 0and a™ = 0
for some positive integers n and m. A = —ring R is called reduced
(* —reduced) if it has no nonzero nilpotent (+ —nilpotent) elements.
Reduced rings are Armendariz by [7, Lemmal]. Birkenmeiera et
al.[3], defined a *-ring R as a Baer * —ring if the right annihilator of
every nonempty subset of R is generated, as a right ideal, by a
projection. In [10], a generalization of a Baer * —ring is given which
is consistent with the category of involution rings that is a * —Baer
* —ring. A = —ring R is said to be a * —Baer * —ring if the * —right
annihilator of every nonempty subset A of R is a principal * —biideal
generated by a projection: that is r,(A) = e According to Krempa
[5], an endomorphism « of a ring R is called to be rigid (* —rigid)
if aa(a) = 0 (ab? = abb = 0) implies a = 0, (ab = 0)

fora,b € R .Wecallaring R a —rigid (&« —* —rigid) if there exists
arigid (*» —rigid) endomorphism (* —endomorphism) « of R. Note
that any rigid endomorphism of a ring is a monomorphism and « -
rigid rings are reduced rings by Hong et al. [2, Proposition 5].
Properties of « -rigid rings have been studied in Krempa [4],

Hong et al. [2], and Hirano [4] Recall that for a ring R with a ring
endomorphism a: R — R, a skew polynomial ring (also called an
Ore extension of endomorphism type) R[x,a] of R is the ring
obtained by giving the polynomial ring over R with the new
multiplication xr = a(r)x for all r € R. Throughout this paper,
The natural numbers, the integers, the rational numbers, the real
numbers and the complex numbers will be denoted by N, Z, Q, R and
C, respectively. M, (R) will denote the full matrix ring of all n x n
matrices over the ring R, while T(R) (T,,z(R)) will denote the n X n
upper triangular matrix ring (with equal diagonal elements) over R.
Moreover, A * —endomorphism on a = —ring R is a homomorphism
a:R — R satisfy a(a*) = a(a)” for all a € R. Here, we consider
only * —endomorphisms that are nonzero and nonidentity unless
otherwise specified. The * —endomorphism a on * —ring R can be
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extended to @ on T,z (R) (resp., M,(R)) and R[x] by & ((aij)) =

(a(aij)) and a(X,aixt) = XM a(a)xt for all i),
respectively.

Furthermore, for a commutative ringR, the involution ¢ defined on
T,z (R) forn > 2 is given by replacing each entry by it involutive
image and fixing the two diagonals considering the diagonal right
upper = left lower as symmetric ones and interchanging the
symmetric elements about it. For n = 2 (trivial extensionT (R, R),
the involution ¢ is the adjoint involution.

2. ¢ —x —skew * —Armendariz * —rings

In this section, a —* —skew * —Armendariz * —rings are
introduced as a generalization for = —Armendariz, a —=*
—Armendariz and « —rigid * —rings.

Definition. Let a be an * —endomorphism on a * —ring R. R is
called a —x —skew * —Armendariz * —rings if whenever the
polynomials p = ¥;a;x" and q = ¥7_oa; x) € R[x,a] satisfy
p(x)q(x) = p(x)q*(x) = 0, then aa/(b;)=0 for all
i,j (consequently a;a’(b;j) = 0).

It can be easily checked that if R is an * —Armendariz * —ring
thenitisan I —+ —skew * —Armendariz * —ring, where I — is an
identity * —endomorphism of
R. Note that every subring of a @ —* —skew * —Armendariz * —
ring is ¢ —* —skew * —Armendariz.

Each, a« —skew— Armendariz and Armendariz * —rings are clearly
a —+ —skew * —Armendariz, but the converse is not true by the
following example.

Example 1. The * —ring R = (I(; II::) over a field F, with the

adjoint involution and a * —endomorphism a: R — R defined by
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“((g C)) = (g . ) since for any projection e € R,a(e) =

e and so R is a —+ —Armendariz, hence R is a —* —skew =
—Armendariz. Moreover, R is not a —skew— Armendariz [1,
Example 12]. Furthermore, R is not Armendariz.

The following example shows that there exists a * —endomorphism
a — of a* —Armendariz * — ring R such that R is not ¢ —* —skew
* —Armendariz.

Example 2. The *-ring R =7Z, @ Z,, with the changeless
involution  defined

as (a,b)" = (a*,b*) and *-automorphism a: R — R given by
a((a,b)) = (b,a) is a commutative reduced ring. Thus it is *
—Armendariz. Moreover, R is not a —x —skew * —Armendariz,
since the skew polynomial p(x) = (1,0)x € R[x, a], satisfies
p? =pp* =0, whilep # 0.

From [1, Corollary 4],each a —rigid * —ring is a —* —skew x
—Armendariz, but the converse is not true as shown by the following
example:

Example 3. The * —ring R = T(Z, Q) with adjoint involution is
a—*—
Armendariz [1, Example 1] and so a —* —skew * —Armendariz.

Moreover T(Z, Q) is not a —rigid, since the matrix A = (8 g)

satisfies Aa(A) = 0, while A # 0. Also, from [1, Example 5] R
IS a —skew— Armendariz *—ring and so a —* —skew
—Armendariz, but is not a —rigid.

However, there is no clear connection between a —* —rigid
and @ —+ —skew * —Armendariz * —rings. By the way, the
(Example 3) declare that there exists ana —* —skew
—Armendariz which is not a —* —rigid, such that Aa(A) =
Aa(A*) = 0,while 4 # 0.
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Adding the condition a reduced to a —* —skew * —Armendariz =
—ring makes it a —* —rigid.

Proposition 1. If R is a reduced a —+ —skew * —Armendariz *
—ring, then R is a —* —rigid.

Proof. Assume the conclusion is false. Then there exists an
elementa € R such
that a+ 0 and aa(a) =aa(a*) = 0. We certainly have
a(a)a?(a) = a(aa(a)) = a(0) = 0, a(a)a?(a*) =
a(aa(a?)) = a(0) = 0. Also, we have a(a)a= 0. In fact
(a(@)a)? = a(a)(aa(a))a = 0. Since R is reduced,
so a(a)a = 0. Since a # 0, a is a monomorphism, and R is
reduced it follows

that a(a) # 0 and (a(a))2 # 0. For any p(x) = a, + a,x, and
q(x) = by + byx in

R[x, a], we have:-

p(x)q(x) = ag by + (ag by + aa(by))x+aja(b,)x?and
p(x)q*(x) = ag b§+ (ao b + aja(by))x+a,a(bi)x?.
Especially tak a, = a(a), a; = a(a), by =a, by = —a(a).
Then

p(x)q(x) = a(a) a+ (—a(a)a(a) + a(a)a(a))x +
(—a(@)a?(@))x? =0 and p(X)q*(x) = a(a) a* +
(—a(@a(a’) + a(@)a(a?))x + (—a(a)a?(a*))x? in R[x,al.
But ag b; = —a?(a) # 0,aq b} = —a(a)a(a*) # 0. This shows
that R is not @« — —skew * —Armendariz, a contradiction. Hence R
is a —= —rigid.

Since a reduced * —ring is * —reduced, we have the following
corollaries.

Corollary 1. If the Ore extension R[x, a] is a reduced * —ring, then
* —ring R is _ a —* —rigid.

The (Example 2) confirms previous corollaries, such that the
—ring R =17, @ Z,, with the changeless involution * and
—automorphism a: R — R is not (a — rigid) @ —* —rigid, since the

6 Copyright © ISTJ Ak sine qolall (3 s
Ayl g o shell 40 sal) dlaall



International Science and Volume 34 ) Ryl p glll A0 g

Imtrwaational beimrs mad Taviasiags demraal

ﬁg:ﬁﬁﬂam‘ Part 1 Al I S TIJ %

April 2024 i

£2024/4 /8 :fu i ddgal) o W ydialy 22024/ 3 /11:dt A8 sl adia) &

nonzero element A = (1,0) satisfies Aa(4) = Aa(4") = 0,
while A # 0. Moreover, R[x, a] is not (reduced) » —reduced, since
the skew polynomial p(x) = (1,0)x € R[x,a], satisfies p? =
pp" = 0, whilep # 0.

Since each reduced * —ring is * —Armendariz [8, Proposition 1],
we have the following corollary

Corollary 2. Every reduced =x—ring isa —* —skew x
—Armendariz.

The converse of the previous corollary is not true as clear from
the following example:
0 F

0 0
and * —endomorphism a = * is * —Armendariz [8, Example 1] and

so o —* —skew * —Armendariz. Moreover, R is not reduced since

0 1 o 2
0 O) satisfies 4 = 0.

Example 4. The x —ring R = ( ) with adjoint involution * —

the nonzero matrix A = (

One can easily show that the class of a —x—skew =x
—Armendariz *-rings is closed under finite subdirect sums (with
changeless involution) and under taking —subrings.

Proposition 2. The class of ¢ —* —skew * —Armendariz * —rings
is closed under finite subdirect sums and under taking * —subrings.

Proposition 3. Let R be a commutative a —rigid * —ring and « be
a * —endomorphism on R, then the ¢ —ring T;z(R), with adjoint
involution o, is @ — o —skew ¢ —Armendariz o —rings.

In case of trivial extension T (R, R) with adjoint involution R given

a b\°_ (a* -b .
by (0 a) = (0 o ) then from (Proposition 3) we get the
following result.
7 Copyright © ISTJ b gine okl (3 gia
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Corollary 4. Let R be a commutative a —rigid * —ring and @ — be
a * —endomorphism of R, then T'(R, R) with adjoint involution ¢ is
a — o —skew o —Armendariz ¢ —rings.

The a —rigid condition in (Corollary 4) is essential and cannot be
replaced by the reduced condition according to the following
example:

Example 5. From (Example 2), the *-ring R =7Z, D Z, is
not & —rigid such that nonzero element A = (1,0) satisfies
Aa(A) = 0, while A # 0 and is reduced. Moreover, the ¢ —ring
T(R,R) isnot @ — o —skew o —Armendariz o —rings,

since the polynomials

_ ((@,0) (0,0) (1,0) (0,0 _
p(x) = ((0,0) (1,0)) + ((0,0) (1,0))"'61(") =

01) (0.0  ((1L0) (0.0) )
((0,0) (0,1)) + ((0,0) (1,0))x € T(R, Rl ],
satisfy p(x)q(x) = p(x)q°(x) = 0,

While

((1,0) (0,0)) i <((0,1) (0,0))) _
(0,0) (1,0) 0,00 (0,1)
(00 )@ o) *®

Lemma 1. Let R be an a —* —skew * —Armendariz * —ring. If
e?=e€R[x,a] , where e=e¢ey+ex+-+ex™ for all
projections, then e = e,.

Proof. Sincee(1—e)=0=(1—-¢e)e,e(1—e*) = (1 —e)e,

we have (eg+ eyx + -+ e x™((1—ep) — eyx — -+ — epx™) =
0, (ep+ex+-+e,xMH)((1—ey)* —e;"x——e,"x")=0
and ((1 —ep) —ex — o — enx”)(eo +ex+ - +ex™) =
0,(1—ep)" —ey"'x——e,"x")(egt+ex+-+e,x")=0.

Since R is an a —+ —skew = —Armendariz * —ring, e,(1 — ey) =
0, epe; =0 and (1 —ey)e; =0 for 1 <i<n. Thus e; =0 for
1<i<n,andsoe=¢e, =ef.
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The following results partially include the results of Aburawash
and Elgamudi [8].

Proposition 4. Let R be an @ —+ —skew * —Armendariz * —ring.

Then a(e) = e forany e? = e = ee* € R if R[x, a] is a x — belian.
Proof. Suppose that R[x,a] is a* — belian and e? = e = ee”.

Then e is central

and so ex = xe = a(e). Thus e = a(e).

Theorem 1. Assume that a is a * —utomorphism of a * —ring R with
a(e) =e for any e? =e=ce*€R. If R is ana —* —skew =
—Armendariz * —ring, then R is a * — Baer = —ring if and only if
R[x,a] is a * —Baer * —ring.

Proof. Assume that R is a *-Baer. Let A be a nonempty subset of
R[x,a] and B be the set of all coefficients of elements of A then B
is a nonempty subset of R and so r,(B) = eRe for some projection
e € R.Since e € Typ[y,q1(4)
we get eR[x,ale S Tig[xq)(A). Now let 0+ g = by + byx +
___ + bypx™ € Tigxa(A). Then Ag=Ag* =0 and hence
fg=fg =0 forany f €A Let f=apx*+ax"t1+--+
asx**s € A, where k and s are nonnegative integers. Since R is a —
x* —skew  * —Armendariz,  a®(by), a®*1(by), ..., a**S(b,) €
n.(B) = eRe, and so by, by,..,b,, EeRe since a is a =*
—utomorphism and a(e) = e. Hence there exists cy, ¢y, ..., ¢y, € R
such that g = bgcy + bycix + ___ + bpcypx™ =e(by +
bix + ___ + bypx™)e € eR[x,a]e. Consequently eR[x,ale =
Tur[x,a] (A4). Therefore R[x,a] is a *-Baer.

For sufficiency, we prove the result for R[x, a]. Let R[x, a] be a *-
Baer and D be asubset of R[x, a]. Since R[x, a] is a *-Baer, then
there exists a projection e(x) = e € R, by (Lemma 1), such that
Tirx,a] (D) = eR[x, a]e. Hence r,gx (D) = eRe,

since r,zx (D) S r_R[x](D) = eR[x]e.
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From [2, Proposition 10], we have the followinCorollary 5. Let
R be a domain * —ring. Then R is @ —+ —skew * —Armendariz.

3. Extensions of & —+ —skew * —Armendariz *-rings

In this section, we generalize the property of a —x —skew *-
Armendariz to some know extensions; namely the polynomial *-
ring, the Laurent polynomial *-ring, the localization of R to S and
from Ore *-ring to its classical Quotient.

It is an interesting question whether R is a —x —skew x
—Armendariz if and only if R[x] is @ —* —skew * —Armendariz
for any * —endomorphism of a * —ring R. In this paper give a partial
positive answer to this question. Our next proposition is also
connected with this question.

Proposition 5. Let R be a reduced *—ring and a be a =
—monomorphism of R. Then R is a —* —skew * —Armendariz if
and only if R[x] is @ —* —skew * —Armendariz.

Proof. Assume that R is @ —* —skew * —Armendariz. Then R is
a-* —rigid by Proposition 1 and the hypothesis. We claim that R[x]
is also a-* —rigid. In fact, forany f(x) = ay + a1 x +- - - +a,x™ in
R[x], where ay,a; -+, a, € R, if
faf(x) = f(x)af (x) =0,then
(ag +ayx +- - - +a,x™)(alay) + alay)x + - - - +a(a,)x™) = 0.
Comparing the constant term we have aya(ay) =0, so ay = 0,
since R is a-+ —rigid. Now we have (a;x +- - - +a,x™)(a(a,) +
a(ay)x + -+ +alay,)x™) = 0. It gives that a,a(a,) = 0, and so
a, = 0.Continuing this process, at lastwe have a, = a; = - - = a,,.
Hence f(x) = 0. By (Corollary 1), R[x] iS a —x —skew x
—Armendariz.

Conversely, assume that R[x] is a« —* —skew * —Armendariz.
Then R is @ —+ —skew * —Armendariz since R is a subring of R[x].

10 Copyright © ISTJ Ak sine qolall (3 s
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In addition, we can prove R is a —+ —skew * —Armendariz if
and only if R[x]is a —* —skew * —Armendariz provided a® = I
for some positive integer t.

Theorem 2. Let a be a * —endomorphism of a x —ring R and af =

I for some positive integer t. Then R is a —x —skew =

—Armendariz if and only if R[x] is @ —* —skew * —Armendariz.
Proof. Let R be a a —x —skew * —Armendariz *-ring and

r(a») = pMq" () = Owith  p(y) = fo +fiy + -+
fmy™q¥) = go + g1y + -+ + guy™ € R[x][y,a] with f; =
aj, +a;,x+-+a,x",g; =bj, +bjx+-+ bu].x“i for all

0<i<m,0<j<n, where Qi) Ay, bjo,---,buj € R. Take a

positive integer ¢ such that ¢ > max {deg (f;),deg(g;)} for any
0 <i<m,0<j<n, where the degree is as polynomials in R[x]
and the degree of the zero polynomial is taken to be zero. Then
p(x) = fo+ fix* 4+« o o 4 fux™Eq(x) = go +

gix¥t 4+ - -« 4+ g, x™ € R[x] and the set of coefficients of
the f;s (resp., g;s) equals the set of coefficients of the p(x*t) (resp.,

q(x*)). Since p(»)q(¥) = p(»)q*(y) = 0 and x commutes
with elements of R, p(x**)q(x**) = p(x**)q*(x**) = 0.Since R

is @ —+ —skew * —Armendariz, a;a" (bsj) =0forall 0<i<

m0<j<n0<l <w,and0<s; <u.Thus fia'(g;) = 0.
Conversely, assume that R[x] is @ —* —skew * —Armendariz. Then
Ris

a —+ —skew * —Armendariz since R is a subring of R[x].

Even though a ring R is a —« —skew * —Armendariz if R is
a —rigid, the converse does not hold. Moreover, a a —* —skew
—Armendariz ring R[x] does not imply that R is a — rigid, i.e.,
R[x, a] is x — reduced. In fact, fora * —ring R and « in [2, Example
5], it can be easily checked that R[y] = (Z,[x])[y] is also a — skew
Armendariz and so a —* —skew * —Armendariz, however R is not
a — rigid.
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Proposition 6. A *-ring R is @ —* —skew = —Armendariz if and
only if Ry is
a —* —skew * —Armendariz.

Proof. By (Proposition 2), it suffices to prove the necessary
condition.

Let R be a @ —+ —skew * —Armendariz *-ring and P(x)Q(x) =
P(x)Q*(x) = 0 with P(x) = XiZ,Bix",Q(x) = Xjovjx’ €
R[x, &7, where B; = u~'a;,y; =v~'b;, and a;; b; € R,u; v €T.
Hence
P(x)Q(x) = (utay + u ta;x + -+ + uta,x™) (v thy +
v ibx + -+ v 1bx™)
= u W laya’(by) + u v (aea’(by) + aya(by))x
+ -+ u v (aga’(h,) + - + apa™(b,)
= (vu)~(apa’(by) + (aoa®(by) + aja(by))x + -
+ (aga®(b,) + - + aua™(by)x™
= () 'p(x)q(x) = 0;
P(x)Q*(x) = (utay + u 'ayx + - + ula,x™@W Vb +
v Ubix 4+ vV bia™)
=u v Va,a®(by)* + u v 1 (aua(by)* + a;a(by)*)x
o+ U (apa(hy)* + -+ ama™ (b))
= (wuw) ' (apa’(by)" + (aoa’(h))* +aja(by)*)x + -
+ (aga®(by)* + -+ + ama™(by) x™
= (w'uw) p(x)q*(x) = 0; since T is contained in the center of
R,sop(x)q(x) = p(x)q*(x) = 0.
By hypothesis a;a’(b;) = 0 which impliesp;@’(y;) = (vu)™*a;
Ry is & —* —skew * —Armendariz.
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