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Abstract

One of the important subclasses of abelian paratopological groups
is called the free abelian paratopological group on a topological
space. It was introduced in 2003 by Remaguara, Sanchis, and
Tkachenko. In this paper, we introduce a single submonoid of the
free abelian paratopological group on Alexandroff space, then we
prove that this submonoid is a base at the identity element of the free
topology of the abelian group. The main result of this paper is to
give applications of this submonoid such as studying separation
axioms, compactness, and other properties of the free topology on
the abelian group.
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1. Introduction

Our main reference in the context of general topology is the book
of Ryszard Engelking in [1]. We assume that the reader is familiar
with the notions of free abelian groups, abelian paratopological
groups, and free abelian paratopological groups on topological
spaces. For more information on these notions see Remaguara,
Sanshis, and Tkachenko in [2] and A. Elfard in [3], [4], and [5].
Submonoids play the significant rule on defining a base at the
identity for the free abelian paratopological group AP(X) on an
Alexandroff space X. A. Elfard in [5], introduced a base at the
identity element of free paratopological groups on Alexandroff
space X. In this paper, section 4, we provide new applications of this
neighborhood base for the free topology of free abelian
paratopological groups on Alexandroff space such as compactness,
Ty, Ty, and T, separation axioms, and other properties on the free
topology of the abelian group.
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2. Definitions and Preliminaries

A paratopological group is a pair (G, z), where G is a group and ¢
is a topology on G such that the mapping (x, y) — xy of G x G into
G is continuous. If the group G is abelian then (G, 7) is called abelian
paratopological group.

If (G, 7) is abelian paratopological group, then simply we call it
abelian paratopological group G.

The next proposition is in [3] and it describes a complete
neighborhood base at the identity of any paratopological group as
follows:

Proposition 2.1. Let G be abelian group and let A be a collection
of subsets of G, where each member of " contains the identity
element 0 of G. Then the collection A is a base at 0 for a
paratopological group topology on G if and only if the following
conditions are satisfied:

(1) for all U, Ve, there exists We A'such that W c U N 7;
(2)  foreach Ue , there exists V € A'such thatV +V < U;
(3) for each Ue"and xe U, there exists V& A such that x + V
cu.

Definition 2.2. [2] Let X be a subspace of a paratopological group
G. Suppose that

(1) the set X generates G algebraically, that is, (X) = G:

(2) every continuous mapping f- X — H of X to an a
paratopological group H extends to a continuous homomorphism f:
G—H

Then G is called the free paratopological group on X and is denoted
by FP(X). By substituting “abelian paratopological group” for each
occurrence of “paratopological group” above we obtain the
definition of the free abelian paratopological group on X, and we
denote it by AP(X).

We denote the free topology of AP(X) by g and we note that the
topology ¢ is the strongest paratopological group topology on the
underlying set Aa(X) of AP(X), that induces the original topology
on X.
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Let G be a group and let H be a subset of G. Then we say that
H is a submonoid of G if H contains the identity of G and equipped
with the associative binary operation of G.

Definition 2.3. [6] Let X be a topological space. For each x €
X, we define the set U (x) =N{U : x € U and U is open}. A
space X for which every x € X, the set U (x) is open is called an
Alexandroff space.

Note that U (x) is the smallest open subset of X containing x.

3. Bases at the identity element of AP(X)

The next theorem is proved by Elfard in [5].

Theorem 3.1. The free abelian paratopological group AP (X) on a
space X is Alexandroff if and only if the space X is Alexandroff.

Proposition 3.2. If G is an abelian group and H is a submonoid of
G, then {H} is a neighborhood base at the identity element 0 of G for
a paratopological group topology Ton G.

Proof. We must verify that {H} satisfies the three axioms of
Proposition2.1. If U,V &€{H}where U=V=H, then there exists W=U
such that W U NV. IfU e{H}, there exists V =U =H & {H}
suchthat 2V cU. IfU =H e{H} and g €U, then there exists V
=H €{H} suchthat g +V < U. Therefore, {H} is a base at 0 for a
paratopological group topology T on G.

Let W = U,ex(U (x) — x)< AP (X), where U (x) as defined
above. Then we define M to be the smallest submonoid of AP (X)
containing the set W. Therefore, M is of the form:

M={y,—x1+y, —x, + +y, — xp : 5, EX,Y;
e U(x)foralli=1,2,..,n, n€N}

Let .#«={M}. Since M is a submonoid of AP (X), by Proposition 3.2,
4 is a neighborhood base at the identity 0 of AP(X) for a
paratopological group topology T on the underling set Aa(X) of
AP (X).
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We now give an important result with complete proof for the
topology T on AP (X).

Proposition 3.3. The topology T induces a topology coarser than
the topology on X.

Proof. Lety e X. We show that (M +y) N X €U (y). Letw € M.
Then there exists m € N suchthatw =u; — X1 +U2 — X2 +... + Unm
—Xm, Xi EX, Ui €U (x))foralli=1,2,...,m. Hereifw+y e(M +
y) N X, there exists z € X such that:

U —x1tUuy—x,++uy,—x,+y—z=0 (D

We need to show that z € U (y). From (1), If z =y thenz € U
(y). If z#y then y must equal xi for somei =1,2,...,.,m,sayy =
x1. Hence, U (x1) =U (y). Also, z = ui forsomei =1,2, .., m.
Without loss of generality, we can assume thatz =u,. Thus,z €
U (x2). Hence equation

(1) becomes:

U —Xp+U3—X3+F U1 — X1+ U, =X, =0 (2)
Ifur=x2thenz € U(x2) € U(x1) = U(Xy). If ur # x2 then
let uy = xi, and x2 = uj, for some i1, ik €{3, 4, ..., m}. Either k
=1,thenz e U (x2) €U (xi,) €U (x1) =U(y)or k # 1, then
assume that xi,= uj,. Eitherk =2,thenz e U (x2) € U (xi,) &
U (Xi,) €U (x1) =U (y) or k+2, then we take another step. This
process must be stop because of the finite number of xi’s and
ui’sand finally we get z €U (x2) € U (xi;) € U (Xi,) € ... €U (Xi,,_,
) € U (Xi,,) € U (x2) =U(y). Therefore, z €U (y) and then we get

M +y) N X £ U (yy which means T N X <
T.

Ifur=x2thenz € U(x2) € U(Xx1) = U(xy). If ur # xo then
let us = x;, and x2 = uj, for some i1, ik €{3,4, ..., m}.

Eitherk = 1,thenz e U (x2) €U (xi,) €cU(x1)) =U(y)ork #
1, then assume that xi, = ui,. Either k =2, thenz € U (x2) € U
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(Xi,) € U (xi,) € U (x2) =U (y) or k2, then we take another
step. This process must be stop because of the finite number of
xi’s and ui’s and finally we get z €U (x2) € U (xi,) € U (xi,) <€ ...
< U (Xiy3) € U (Xiy,) € U (xe) = U (y). Therefore, z € U (y) and
then we get (M +y) N X < U (y) which means T N X <
T.

The next theorem describes a base at the identity element 0 of the
free abelian paratopological group AP (X) on Alexandroff space X.

Theorem 3.4. The collection .# is a neighborhood base at the
identity element 0 of AP(X) for the free topology g of AP(X).
Proof. We show first that the topology T induced by . is finer
than the free topology g of AP (X). Let u: X—G be a continuous
mapping of the space X into an abelian paratopological group G.
Then p extends to a homomorphism ft Aa(X)—G. We show that 1
is continuous concerning the topology T. Let V be aneighborhood of
(0) =0inGand fixx €X. Then u(x) +V is a neighborhood of
H(X) in G. Since L is continuous at the point X, L(U (X)) € (U(X)+V)
and since p'[X = p, P'(UEX) € (W'(x) + V) which implies that
W (U(x) —x) € V. Since x is any point in X, p (Uxex(U (x) —
x)) € V Fix n € N. Then there exists a neighborhood U of 0 in G
such that nU < V. Since V is an arbitrary neighborhood of 0 in G,
W' (Uxex(U (x) — x))SU and then n(p"(Uxex(U (x) — x)) S nU
c V. So

W (n(Uxex (U@ - 2)) €V €
Since (1) holds foreachn €N, 1 (Upen n(Uyex(U (x) — x)) )E V.
Since M =Upey N(Uxex (U () — x)), A(M )EV . Thus, [t is
continuous for the topology T, so that the topology T is finer than
the free topology g of AP(X). By Proposition 3.3, T|x is coarser
than the original topology on X and since T is finer than the free
topology g, T|x is the original topology on X. Thus, we satisfied the
conditions of Definition 2.2, which implies that T= g. Therefore,
4 1s a neighborhood base at O for the free abelian paratopological
group AP(X).
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4. Applications on the collection .«

Let X be Alexandroff space and let AP(X) be the free abelian
paratopological group on X. We define %= {M +g: g€Aa(X) to
be a collection of subsets of AP(X).

Lemma4.1. Let By, B, € B, whereByr =M +girand B2 =M +
02, 01, 92 € Aa(X). If g1€ B>, then B1 < Bs.

Proof. Let g1€ Bz, then there is w1 € M, such that g1 = w1 + g2. Let
hée& By, thus there is wo€ M such that h = w» +g1. Because M is a
submonoid of Aa(X), hence h = wz + w1 + g2&€ Ba. Therefore, B
S B..

Proposition 4.2. [6] Let X be an Alexandroff space and 7/ be a
family of open subsets of X, then #is the minimal base for the
topology of X if and only if:

(1) 7 covers X;

(2) if Uy, U2 € 7, there exists a subfamily {Ui: i € I} of
7/ such that U N U, =U; U;;

(3) if a subfamily {Ui :i €1} of Z satisfies U;; U;; € ,

then there exists io €1 such that U;; U;; = Ui,.
By using the last proposition, we now provide the following result.

Theorem 4.3. The base % as defined above is the minimal base for
the free topology g of AP (X).

Proof. We show that the base # satisfies the conditions of
Proposition 4.2. It is clear that & covers Aa(X) and then satisfies
condition (1). To show that & satisfies condition (2). Let B,
B>&% where B1=M + g1 and B.=M+g>, and g1, g2€Aa(X). To show
that, BiNB=U{M + g,forallg € B; N B,}. Let h € BiNBy, to
show that, heU{M + g,forall g € B; N B,}, we must show that
h €(M +g") for some g° €B1 N Ba. Suppose not. So, h £ (M +g)
forall g €B1 N Bo. From last Lemma, we geth £ M + g for all (M
+g) €B1N By This is a contradiction, because 3 is a base for the
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topology ¢ of AP (X). Thus, h € (M +g") for some g° € B1 N Bo.
Hence g e U{M + g,forallg € B, n B,}. So, we have:

Bi;nNB, € UM+ g.forallg € Byn B2 (D

Now, for all g € B1 N By, by last Lemma, M +g<B; N B,. Hence
UM+ g.forallge BiNnB,} S B;NB, (2)
Therefore, from (1) and (2) we get the required result.

To show that & satisfies condition (3). If a subfamily {M +gi : gi
EAa(X),1 €1} of B satisfies U;.;{M + g; } € A, then there exists
io € | such that UiedM + g;} = M + g;,. Suppose that
UietiM + g;} = M + g * for some g*eA,(X). We need to show that
M+g*= M +g;, for some isel. Let QgeM + g=
,then from our assumption ge U;e{M + g;}. Thus there
exists igel such that geM + g; . Hence M+g*c M + g; . Since
9ip€Uie{M + g;}, 10 € 1, this implies that g; eM + g *
and then M + g;; € M + g ~.Therefore,M + g x= M + g;,
and then & is the minimal base for the topology of AP(X).

Corollary 4.4. If X is an Alexandroff space then for all B € %,
B is a compact subset of AP (X).

Proof. By Theorem 3.1, AP (X) is Alexandroff. Let B € %, where
B =M +g, g € Aa(X). Let {Ui}ie: be an open cover on B. Then
g € U;, for some ip €1. Thus B =M +g < Ui, which means that U;,
is a finite subcover of {Ui}iei. Therefore, B is compact.

We now provide a condition for the base & to be the free abelian
paratopological group AP (X) on an Alexandroff space X is a To-
space.

Theorem 4.5. The free abelain paratopological group AP(X) on an
Alexandroff space X is a To-space if and only if whenever M +g; =
M +g2, where g1, g2 € Aa(X) we have g1 = Q.

Proof. (=): Assume that AP (X) is a To-space and let g1,9> € AP
(X) where g1# g2. Since AP (X) is a To-space, so we can find an
elementg € Aa(X)such that gt e M +gand g2 £ M +gorg. €
M+gandgi£M+g.Ifgi €M +gandg. £ M +g, then M +g:
cM+gand M +g2 £ M +g. Therefore, M +g1~M +@o.
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(e): Let g1, 02 € Aa(X) and g1~ gz, then M +g1~=M + g2. Hence,
M+g1EM+gorM+g2EM+g:. IfM +g1 £ M + g, then we
get g1 £ M +g2. Therefore AP (X) is a To-space.

Note that the free abelian paratopological group AP(X) on
Alexandroff space X is T if and only if M +g = {g}. It follows that
AP(X) is discrete and so every element of A (X) is an isolated
element.

Proposition 4.6. If the free abelian paratopological group AP (X) is
Housdorff Alexandroff then for all g1, g2€Aa(X) where g1# g2 we
haveM + g1 N M + g2 = ¢.

Proof. Let g1, g2 €Aa(X) where g1 # g2. If AP (X) is Hausdorff there
exist tow disjoint open sets U,V of AP (X) such that gi1€U, g2€V.
Because AP (X) is Alexandroff, so M+ g1 U, M+ g.< V. Therefore
M+g1N M+g2 =¢.

Proposition 4.7. The free abelian paratopological group AP (X)is a
Hausdorff Alexandroff if and only if AP (X) is discreet.

Proof. (=): Assume that AP(X) is a Hausdorff Alexandroff. To
show that M +g ={g} for all g € AP (X). Letw €M +g. Then M +
w €M +gwhichmeansM +w NM +g =M +w. Since M +w=
¢ and AP (X) is Hausdorff thus w = g and {g} is open. Therefore AP
(X) is discrete.

(e=): Assume that AP (X) is discrete. So, it is Hausdorff and because
every subset of AP (X) is open then AP (X) is Alexandroff.
Theorem 4.8. Let f: AP (X) —— AP (Y) be an open and onto
continuous function. If AP (X) is Alexandroff then AP (Y) is
Alexandroff.

Proof. Let g €AP (Y) then there exists w € AP (X) such that f (w)
=g. Because f is open then f (M +w) is open in AP (Y). Let U be
an open setin AP (Y) where g €U. thus w e f1(U). Since f}(U)
is open in AP (X), so M +w <f}(U). Therefore f (M +w) €U and
then AP (Y) is Alexandroff with M +g =f(M +w).

Corollary 4.9. Let f : AP (X) — AP (Y) be a homeomorphisim
function. If AP (X) is Alexandroff then AP (Y) is Alexandroff.

5. Conclusion
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In this paper, we introduce a single submonoid of the free abelain
paratopological group on Alexandroff space and then in Theorem
3.4, we prove that this submonoid is a base at the identity element
of the free topology of the abelian group. The main results of this
paper are Theorem 4.3, Theorem 4.5, and Proposition 4.7.

Recommendations. Elfard in [5] established a new subclass of free
paratopological groups which is called the Alexandroff free
paratopological groups and he constructed a base for its free
topology. In this paper, we introduce new applications on this base.
For our recommendations, it is important to study other free
topological properties on this subclass such as, connectedness,
separation axioms, countability axioms.
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